Abstract. Let Γ be a triangulation of a connected closed 2-dimensional (not necessarily orientable) surface. Using zigzags (closed left-right paths), for every face of Γ we define the z-monodromy which acts on the oriented edges of this face. There are precisely 7 types of z-monodromies. We consider the following two cases: (M1) the z-monodromy is identity, (M2) the z-monodromy is the consecutive passing of the oriented edges. Our main result is the following: the subgraphs of the dual graph Γ * formed by edges whose z-monodromies are of types (M1) and (M2), respectively, both are forests. We apply this statement to the connected sum of z-knotted triangulations.
Introduction
A zigzag of a graph embedded in a surface is a closed path, where any two consecutive edges, but not three, belong to a face [3, 6] . Zigzags are known also as Petrie paths [2] or closed left-right paths [5, 10] . Similar objects in simplicial complexes and abstract polytopes are investigated in [4, 11] . An embedded graph is called z-knotted if it contains a single zigzag. Such graphs are closely connected to the Gauss code problem and have interesting homological properties (see [5, Section 17.7] for the planar case and [1, 7] for the case when a graph is embedded in an arbitrary surface). It was established in [9] that every triangulation of a connected closed 2-dimensional (not necessarily orientable) surface admits a z-knotted shredding. The concept of z-monodromy is a crucial tool used in the construction of such shreddings.
For every face F of an embedded graph we define the z-monodromy M F which acts on the oriented edges of this face. If e is such an edge, then there is a unique zigzag coming out from F through e and we define M F (e) as the first oriented edge of F which occurs in this zigzag after e.
By [9] , there are precisely seven types of z-monodromies for faces in triangulations (we describe them in Section 3). A triangulation is z-knotted if and only if the z-monodromy of every face has one of the four z-knotted types. In this paper, we consider the following two types of z-knotted monodromies: (M1) the z-monodromy is identity, (M2) the z-monodromy is the consecutive passing of the oriented edges. We show that for any triangulation the subgraphs of the dual graph formed by faces whose z-monodromies are of type (M1) and (M2), respectively, both are forests. Examples of these subgraphs will be considered in Section 7.
In particular, this result implies that every triangulation contains a face whose z-monodromy is not identity. Combining this fact with [9, Theorem 4], we get the following: for any two z-knotted triangulations there are a pair of faces and a bijection between the vertex sets of these faces such that the corresponding connected sum of triangulations is z-knotted.
Zigzags in triangulations
Let Γ be a triangulation of a connected closed 2-dimensional (not necessarily orientable) surface M , i.e. a closed 2-cell embedding of a finite connected graph in M such that the following conditions hold: 1) every face contains precisely three edges, 2) every edge is contained in precisely two distinct faces, 3) the intersection of two distinct faces is an edge or a vertex or empty. See [8] for more information concerning triangulations of surfaces.
A zigzag in Γ is a sequence of edges {e i } i∈N satisfying the following conditions for every i ∈ N:
• the edges e i and e i+1 are adjacent, i.e. they have a common vertex and there is a face containing them; • the faces containing e i , e i+1 and e i+1 , e i+2 are distinct and the edges e i and e i+2 are non-intersecting. Since the number of edges is finite, this sequence is cyclic, i.e. there is a natural number n > 0 such that e i+n = e i for every i ∈ N. In what follows, every zigzag will be written as a cyclic sequence e 1 , . . . , e n , where n is the smallest number satisfying the above condition.
Every zigzag is completely determined by any pair of consecutive edges and for any pair of adjacent edges e and e ′ there is a unique zigzag containing the sequence e, e ′ . If Z = {e 1 , . . . , e n } is a zigzag, then the same holds for the reversed sequence Z −1 = {e n , . . . , e 1 }. It is not difficult to prove that a zigzag cannot contain a sequence of type e, e ′ , . . . , e ′ , e. For this reason, Z = Z −1 for any zigzag Z, in other words, a zigzag cannot be self-reversed. The sequence a1, 12, 2b, b3, 31, 1a, a2, 23, 3b, b1, 12, 2a, a3, 31, 1b, b2, 23, 3a
is a zigzag in the 3-gonal bipyramid (Fig.2 ). This zigzag is unique (up to reverse).
Let F be a face in Γ. Denote by Z(F ) the set of all zigzags containing edges of F . If a zigzag Z belongs to Z(F ), then the same holds for the reversed zigzag Z −1 . Every zigzag from Z(F ) contains at least two edges of F . We say that the triangulation Γ is locally z-knotted in the face F if Z(F ) contains precisely two zigzags, i.e. Z(F ) = {Z, Z −1 }. A triangulation is called z-knotted if it contains precisely two zigzags, in other words, there is a single zigzag (up to reverse). A triangulation is z-knotted if and only if it is locally z-knotted in each face [9, Theorems 2 and 3]. 
Z-monodromy
Let F be a face in Γ whose vertices are a, b, c. Consider the set Ω(F ) consisting of all oriented edges of F , i.e. Ω(F ) = {ab, bc, ca, ac, cb, ba}, where xy is the edge from x ∈ {a, b, c} to y ∈ {a, b, c}. If e = xy, then we write −e for the edge yx. Denote by D F the permutation (ab, bc, ca)(ac, cb, ba) on the set Ω(F ). If x, y, z are three mutually distinct vertices of F , then D F (xy) = yz. The z-monodromy of the face F is the permutation M F defined on Ω(F ) as follows. For any e ∈ Ω(F ) we take e 0 ∈ Ω(F ) such that D F (e 0 ) = e and consider the zigzag containing the sequence e 0 , e. We define M F (e) as the first element of Ω(F ) contained in this zigzag after e. • every zigzag in a triangulation is edge-simple, i.e. all edges in this zigzag are mutually distinct;
By [9, Theorem 2], we have the following possibilities for the z-monodromy M F :
, e 2 , e 3 )(−e 3 , −e 2 , e 1 ), where (e 1 , e 2 , e 3 ) is one of the cycles in the permutation D F , (M4) M F = (e 1 , −e 2 )(e 2 , −e 1 ), where (e 1 , e 2 , e 3 ) is one of the cycles in D F (e 3 and −e 3 are fixed points),
, e 2 , e 3 )(−e 3 , −e 2 , e 1 ), where (e 1 , e 2 , e 3 ) is one of the cycles in the permutation (D F ) −1 , (M7) M F = (e 1 , e 2 )(−e 1 , −e 2 ), where (e 1 , e 2 , e 3 ) is one of the cycles in D F (e 3 and −e 3 are fixed points). The triangulation Γ is locally z-knotted in the face F only in the cases (M1)-(M4). A triangulation is z-knotted if and only if the z-monodromies of all faces are types (M1)-(M4) [9, Theorem 3] .
Each of the possibilities (M1)-(M7) is realized [9, Section 5] . In particular, the following assertions are fulfilled:
• The z-monodromy of every face in the (2k + 1)-gonal bipyramid is of type (M3) if k is odd; in the case when k is even, the z-monodromy of every face is of type (M4).
• The z-monodromy of every face in the 2k-gonal bipyramid is of type (M7) if k is odd; if k is even, then the z-monodromies of all faces are of type (M5).
Examples of triangulations containing faces with the z-monodromies of types (M1) and (M2) will be considered in Section 7. Suppose that Γ is locally z-knotted in a face F . Then for the z-monodromy M F one of the possibilities (M1)-(M4) is realized. If M F is of type (M1) or (M2), then every zigzag from Z(F ) passes through each edge of F twice in the same direction; more precisely, it goes twice through three elements of Ω(F ) which form a cycle in D F (Fig.3a) .
(a) (b)
If M F is of type (M3) or (M4), then every zigzag from Z(F ) goes through one edge twice in the same direction and through the remaining two edges twice in different directions (Fig.3b) . If Γ is z-knotted, then there is a single zigzag (up to reverse) which passes through every edge of Γ twice and each face of Γ has one of the types described on Fig.3 .
Main result
Consider the dual graph Γ * whose vertices are faces of Γ and whose edges are pairs of faces intersecting in an edge. Denote by G 1 the subgraph in Γ * consisting of all faces whose z-monodromies are identity, i.e. of type (M1); two such faces are adjacent vertices of G 1 if they are adjacent vertices of Γ * . Similarly, we define the subgraph G 2 formed by all faces with z-monodromies of type (M2). Our main result is the following. Theorem 1. The graphs G 1 and G 2 are forests.
Let Γ 1 and Γ 2 be triangulations of connected closed 2-dimensional surfaces M 1 and M 2 , respectively. Consider a face F 1 in Γ 1 , a face F 2 in Γ 2 and a homeomorphism g : ∂F 1 → ∂F 2 which sends every vertex of F 1 to a vertex of F 2 , i.e. if v i , i ∈ {1, 2, 3} are the vertices of F 1 , then w i = g(v i ), i ∈ {1, 2, 3} are the vertices of F 2 . Such boundary homeomorphisms are said to be special. The connected sum Γ 1 # g Γ 2 is the graph whose vertex set is the union of the vertex sets of Γ 1 and Γ 2 , where each v i is identified with w i , and the edge set is the union of the edge sets of Γ 1 and Γ 2 , where the edge v i v j is identified with the edge w i w j . This is a triangulation of the connected sum of the surfaces M 1 and M 2 . For other special
In the case when Γ 1 and Γ 2 are z-knotted and the z-monodromies of F 1 and F 2 are not identity, there is a special homeomorphism g : ∂F 1 → ∂F 2 such that the connected sum Γ 1 # g Γ 2 is z-knotted [9, Theorem 4] . By Theorem 1, each triangulation contains a face whose z-monodromy is not identity. So, we get the following.
Corollary
1. For any z-knotted triangulations Γ 1 and Γ 2 of connected closed 2-dimensional surfaces there are faces F 1 and F 2 in Γ 1 and Γ 2 (respectively) and a special homeomorphism g : ∂F 1 → ∂F 2 such that the connected sum Γ 1 # g Γ 2 is a z-knotted triangulation.
The graph G 1 is a forest
The face shadow of a zigzag Z = {e 1 , . . . , e n } is a cyclic sequence of faces F 1 , . . . , F n , where F i is the face containing the edges e i and e i+1 . Any two consecutive faces in this sequence are adjacent. Lemma 1. Let F be a face belonging to the face shadow F 1 , . . . , F n of a certain zigzag. Then there is at most three distinct indices i such that F i = F . If our triangulation is locally z-knotted in F , then there are precisely three such i.
Proof. For every edge e ∈ Ω(F ) we denote by Z(e) the zigzag containing the sequence e, D F (e). Observe that Z(e ′ ) = Z(e) −1 if e ′ = −D F (e). Also, it can be happened that Z(e) = Z(e ′ ) for some distinct e, e ′ ∈ Ω(F ). This means that Z(F ) contains at most three pairs of zigzags Z, Z −1 . Therefore, if F 1 , . . . , F n is the shadow of a zigzag from Z(F ) and F i = F for four distinct indices i, then this zigzag is self-reversed which is impossible. In the case when the triangulation is locally z-knotted in F , for any two e, e ′ ∈ Ω(F ) we have Z(e) = Z(e ′ ) or Z(e) = Z(e ′ )
−1
which implies the second statement.
Lemma 2. Let F and F ′ be adjacent faces whose z-monodromies both are identity. Then there is a unique (up to reverse) zigzag whose face shadow contains F and F ′ . This face shadow is a cyclic sequence of type
( Fig.4) 1 . Proof. Let x, y, z and t, y, z be the vertices of F and F ′ (respectively) and let e 1 = yz, e 2 = zx, e 3 = xy, e ′ 2 = zt, e ′ 3 = ty (Fig.5) . The intersection of Ω(F ) and Ω(F ′ ) is {e 1 , −e 1 }. Since the z-monodromies M F and M F ′ both are identity, the triangulation Γ is locally z-knotted in F and F ′ . The faces F and F ′ are adjacent and we have
Suppose that Z is the zigzag containing the sequence e 3 , e 1 , e ′ 2 . We determine the first edge e from Ω(F ) ∪ Ω(F ′ ) which occurs in the zigzag Z after this sequence. If this edge belong to Ω(F ), then it coincides with M F (e 1 ) = e 1 which is impossible (we can come to e 1 by a zigzag only through an element of Ω(F ) or Ω(F ′ ) different from e 1 ). Therefore, e belongs to Ω(F ′ ). This implies that e = M F ′ (e Suppose that F 1 , F 2 , . . . , F n = F 1 , n ≥ 4 is a simple cycle in the graph G 1 . Our triangulation is locally z-knotted in each F i . Since F i and F i+1 are adjacent, we have Z(F i ) = Z(F i+1 ). Therefore,
Applying Lemma 2 to the faces F 1 and F 2 , we obtain that the face shadow of Z or Z −1 is a cyclic sequence of type in what follows, we will assume that this is the face shadow of Z. The face F 3 is adjacent to F 2 and we have four possibilities to occurring this face in Z (Fig.6 ).
Lemma 2 shows that for the face shadow of Z one of the following possibilities is realized:
( Fig.7a and Fig.7b, respectively) .
Apply Lemma 2 to the faces F 3 and F 4 , we establish that F 4 always occurs in the face shadow of Z after the three times of F 1 . Recursively, we show that the same holds for every face F i if 3 ≤ i ≤ n, i.e. the face shadow of Z is a sequence of type
In the case when F i = F n = F 1 , this contradicts the fact that the face shadow of Z contains only three times of F 1 . So, G 1 does not contain cycles.
6. The graph G 2 is a forest Lemma 3. Let F and F ′ be adjacent faces whose z-monodromies are of type (M2), i.e. D F and D F ′ , respectively. Then there is a unique (up to reverse) zigzag whose face shadow contains F and F ′ . This faces shadow is a cyclic sequence of type
Proof. Let F and F ′ be as in the proof of Lemma 2 (see Fig.5 ). We have M F = D F and M F ′ = D F ′ which implies that the triangulation Γ is locally z-knotted in F and F ′ . As in the proof of Lemma 2, we obtain that
and assume that Z is the zigzag containing the sequence e 3 , e 1 , e ′ 2 . Let e be the first edge from Ω(F ) ∪ Ω(F ′ ) which occurs in the zigzag Z after this sequence. If e belong to Ω(F ′ ), then
and the next edge in the zigzag is D F ′ (e ′ 3 ) = e 1 . This means that M F (e 1 ) = e 1 which is impossible, since
Therefore, e belongs to Ω(F ). In this case, we have e = M F (e 1 ) = e 2 . Then the next edge in Z is D F (e 2 ) = e 3 and the zigzag Z is a cyclic sequence of type e 3 , e 1 , e ′ 2 , X, e 2 , e 3 , . . . , where X is a sequence of edges which does not contain elements of Ω(F ) ∪ Ω(F ′ ). Now, we determine the first edge e ′ from Ω(F )∪Ω(F ′ ) which occurs in the zigzag Z after the sequence e 2 , e 3 . If it belongs to Ω(F ), then
which is impossible, since we can come to e 1 by a zigzag only through an element of Ω(F ) or Ω(F ′ ) different from e 1 . Hence e ′ is an element of Ω(F ′ ). Then 3 As in Lemma 2, the reversed sequence F ′ , F, . . . , F, ′ . . . , F, F ′ , . . . , F, . . . is the face shadow of the reversed zigzag. 4 The next two edges from Ω(F ) ∪ Ω(F ′ ) contained in the zigzag Z are M F ′ (e 1 ) = e ′ 2 and
Let F 1 , F 2 , . . . , F n = F 1 , n ≥ 4 be a simple cycle in the graph G 2 . Our triangulation is locally z-knotted in each F i and, as in the previous section, we have
By Lemma 3, the face shadow of Z or Z −1 is a cyclic sequence of type
and we suppose that this holds for the face shadow of Z.
(1). First, we consider the case when F 1 , F 2 , . . . , F n are consecutive faces in the face shadow of Z. The face F 3 is adjacent to F 2 and Lemma 3 shows that the face shadow of Z is
. . , F 3 , . . . (Fig.9a) . In the case when n > 4, we apply Lemma 3 to the adjacent faces F i−1 and F i with 4 ≤ i ≤ n − 1. Recursively, we establish that F n−1 occurs in the face shadow of Z as follows
. . , F n−1 , . . . , F n−1 , . . . (Fig.9b) .
On the other hand, F n−1 is adjacent to F n = F 1 and, by Lemma 3, the face shadow of Z is a cyclic sequence of type
we get a contradiction.
(2). Now, we consider the case when F 1 , F 2 , . . . , F n are not consecutive faces in the face shadow of Z. Let us take the greatest number k such that F 1 , . . . , F k are consecutive faces in the face shadow of Z. Since this face shadow contains the sequence F 1 , F 2 , we have k ≥ 2. In the case when k = 2, Lemma 3 shows that the face shadow of Z is a cyclic sequence of type F 2 , . . . , F 1 , . . . , F 3 , F 2 , F 1 , . . . , F 3 , . . . , F 2 , F 3 , . . . (Fig.10) . This means that F 1 , F 2 , F 3 are consecutive faces in the face shadow of the reversed zigzag Z −1 . So, we can assume that k ≥ 3. Figure 10 .
We apply Lemma 3 to the faces F k−1 and F k and to the faces F k and F k+1 . Taking in account the fact that F k+1 does not occur in the face shadow of Z immediately after F 1 , . . . , F k , we obtain that the face shadow of Z is a cyclic sequence of type
. . (Fig.11) . Finally, for every i satisfying k < i ≤ n we establish that F i occurs in the face shadow of Z as follows
if we take F i = F n = F 1 , then the latter shows that F 1 is contained in the face shadow of Z more than 3 times which is impossible. In each of the considered above cases, we get a contradictions which means that G 2 does not contain cycles.
Two examples
Let BP n be the n-gonal bipyramid containing an n-gone whose vertices are denoted by 1, . . . , n and connected with two disjoint vertices a, b. We also consider the n-gonal bipyramid BP , a3, 31, 1b, b2, 23, 3a , a1
Let S and S ′ be faces of BP 3 and BP is a linear graph P 2 . The same is true for the similarly defined connected sum of (2k + 1)-gonal and (2k ′ + 1)-gonal bipyramids for arbitrary odd k and k ′ (using [9, Example 6] the readers can check all the details). 23, 3b, b4, 45, 5a, a6, 61, 1b, b2, 23, 3a, a4, 45 , 5b, b6, 61, 1a C
